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Context and topic

@ Image restoration, deconvolution

e Missing information: ill-posedness
o Compensation: regularization

@ Previous / next lectures, exercises and practical works
o Three types of regularised inversion
@ Quadratic penalties and smoothness
@ Convex non-quadratic penalties and edge preservation

o Constraints: positivity and support

o Bayesian strategy: an incursion for hyperparameter tuning

@ A basic component: Quadratic criterion and Gaussian model
o Circulant approximation and computations based on FFT
o Other approaches:
@ Numerical linear system solvers

o Numerical quadratic optimizers
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Direct / Inverse, Convolution / Deconvolution,. ..

y=Hx+e=hxx+e

Reconstruction, Restoration, Deconvolution, Denoising

@ General problem: ill-posed inverse problems, i.e., lack of information

@ Methodology: regularisation, i.e., information compensation
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Various quadratic criteria

@ Quadratic criterion and linear solution

2 2
J(@) = lly - He|* +p Y (v, — 2,)° = |ly — He|* + o | Dz|

@ Huber penalty, extended criterion and half-quadratic approaches

T@) = lly - Hal + 1 Y ¢le, - 2,)

1
J(x,a) =y - HwHQ +p Z 3 [(zp — xq) — apq]Q + ((apg)

@ Constraints: augmented Lagrangian and ADMM
2
J(@) = |ly — He|” + p| Da|

z,=0 forpeS
s.t. P
zp 20 forpeM

L(x,5,8) = |ly — He|* + p|Dz|” + p|lz - s|* + £(z - 5)
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Various solutions (no circulant approximation). . .

Observation Quadratic penalty

Quadratic penalty Constrained
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A reminder of the calculi

@ The criterion. ..

J@) = |ly—Hz|+p|Dz|?
@ ...its gradient ...

g—j = —2H'(y— Hzx)+2uD'Dx

x

2(H'H + uD'D)x — 2H'y

@ ...and its Hessian ...
9?T

@ The multivariate linear system of equations. . .
(H'H +uD*D)x = H'y

@ ...and the minimiser. ..
z = (H'H+uD'D) 'H'y
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Reformulation, notations. ..

@ Rewrite the criterion ...

J(z)

2
ly — Ha|* + p | Da|

1
52 Qz+q'T+q
o Gradient: g(x) = Qz+q=2(H'H + uD'D)x — 2H'y
o Hessian: Q = 2(H'H + ;D' D)
o g =g(0) = —2H"y the gradient at x = 0
o q0=J(0) =y’
@ ...the system of equations ...
(H'H +uD'D) H'y
Qz = —¢q

@ ...and the minimiser ...
* = (H'H+uD'D) 'H'y
= Qg
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Quadratic criterion: illustration

Q ?(z—2)%+~y
Q Oz% (1‘1 — i‘1)2 —|—Oé% (IQ — i2)2 — Qqu (e} (xl —.fl)(xz — jz) + v

Variable zo

) /
-5 0 5

Variable x Variable x

o Comment: convex, concave, saddle point, proper direction
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Quadratic criterion: illustration
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Computational and algorithmic aspects

Various options and many relationships. . .

@ Direct calculus, compact (closed) form, matrix inversion
@ Circulant approximation and diagonalisation by FFT

@ Special algorithms for 1D case

o Recursive least squares
o Kalman smoother or filter (and fast versions,.. .)

@ Algorithms for linear system solving

Splitting idea

o Gauss, Gauss-Jordan

o Substitution, triangularisation,. ..
o Et Levinson,...

@ Algorithms for criterion optimisation
o Component wise. ..
o Gradient descent. ..
e ...and various modifications
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A family of linear system solvers

Matrix splitting algorithms
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Linear solver: illustration

@ Criterion
T (@) = af (x1—11)°+03 (w2—T2)* —2 poy ag (z1— 1) (T2 —T2) 7
@ Nullification of the gradient
0T |0x1 = 202 (x1 — T1) —2pay ag (x9 — Tn) =0

0T |0xy = 203 (xo — Ta) —2paiag (x1 —Z1) =0

5
4
3
2
1
0
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An example of linear solver: matrix splitting
@ Solve Qx +q=0thatis Qe = —q
o Matrix splitting @ = A — B

o Take advantage. ..

Qr = —q
(A—-B)x = —q
Ax = Bxz—gq

x = A '[Bz—q]
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An example of linear solver: matrix splitting
@ Solve Qx +q=0thatis Qe = —q
o Matrix splitting @ = A — B

o Take advantage. ..

Qx = —q
(A-B)z = —¢q

Ax = Bx-—q

x = A '[Bz—q]

@ lterative solver
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An example of linear solver: matrix splitting

A simple and fruitful idea

@ Solve Qx +q=0thatis Qe = —q

o Matrix splitting @ = A — B

o Take advantage. ..

Qr = —q
(A—-B)x = —q
Ax = Bxz—gq
x = A '[Bz—q]
@ lterative solver
zlfl = A~ [B gl — q}

o If it exists, a fixed point satisfies:
x* = A '[Bz™ —q]

so, Qx> = —q
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Matrix splitting: sketch of proof (1)

@ Notations
zM = A~ [Bm[kfl] — q]

A—le[k—l] _ A—lq
Mzl —m

@ lterates
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Matrix splitting: sketch of proof (1)

@ Notations
zM = A~ [Bm[kfl] — q]
— A 'Bzl1_ Al
Mzl —m
o lterates

2l = MaEU_m
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Matrix splitting: sketch of proof (1)

@ Notations
zM = A~ [B zlh-1 q]
= A 'BzlF1_ A lq
Mzl —m
o lterates
25— pME-U g,

M (Mz5=2 —m) —m
M2 5= (M +1)m

18/60



Matrix splitting: sketch of proof (1)

@ Notations
zM = A~ [B zlh-1 q]
= A 'BzlF1_ A lq
Mzl —m
o lterates
25— pME-U g,

M (Mz5=2 —m) —m
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Matrix splitting: sketch of proof (1)

@ Notations
zM = A~ [B zlh-1 q]
= A 'BzlF1_ A lq
Mzl —m
o lterates
25— pME-U g,

M (Mz5=2 —m) —m
M2 5= (M +1)m

= M?>(Mz53 —m)— (M +1I)m
= M358 (M2 4+ M+ 1)m

= MK aﬂ0]<__(]»4{f(—-” 4+ M+ M+I)m

K-1
MFE g0 — (Z Mk> m
k=0
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Matrix splitting: sketch of proof (2)

@ Convergence. . .in relation with eigenvalues of M
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Matrix splitting: sketch of proof (2)

@ Convergence. . .in relation with eigenvalues of M

o Increasing powers. ..

M = pPAP!
M? = PAP'PAP!' =pPA’P!
ME = pAfp!

— O
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Matrix splitting: sketch of proof (2)

@ Convergence. . .in relation with eigenvalues of M
o Increasing powers. ..

M = pPAP!
M? = PAP'PAP!' =pPA’P!
ME = pAfp!
— O
o ...and a well known serie
K-—1 K-—1 &
oMt = (PAP)
k=0 k=0

K—-1

= P <Z A’“) P!

k=0
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Matrix splitting: sketch of proof (2)

@ Convergence. . .in relation with eigenvalues of M

o Increasing powers. ..

M = pPAP!
M? = PAP'PAP!' =pPA’P!
ME = pAfp!
— O
o ...and a well known serie
K-—1 K-—1 &
oMt = (PAP)
k=0 k=0

= P <Z A’“) p!
k=0
— PI-A)'P' = (I-M)!

e Convergence if: p(M) < 1, spectral radius of M smaller than 1
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Matrix splitting: sketch of proof (3)

@ lterates

K—1
xll) = MK 20 - (Z Mk> m
k=0

e Convergence if: p(M) < 1, spectral radius of M smaller than 1

@ Limit for K tends to +oo
x> = M“w[o]—iMkm
k=0
= 0 - (I-M)"'m
= —(I-A'B)'Alq
= —(A-B)'q
= —-Q'q
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Matrix splitting: recap and examples

Matrix splitting recap

@ Solve / compute

Qe = —q
r = —Q'q
@ Matrix splitting
Q = A-B
@ lterate
zH = A1 [Bm[k_l]—q}
Azl = {Bm[kfl]fq}

e Computability:
o efficient inversion of A
o efficient solving of Au = v

Convergence requires p(A™1B) < 1
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Matrix splitting: recap and examples

Matrix splitting examples

@ Diagonal: Q=D — R
o z¥l = D! [Ra:[k_l] — q]

@ Lower and Upper: Q =L, — U
e [Ua:[k_” - q]
o L, zlF = [Uw[kfl] = q]

o Circulant: Q =C — R
o zlfl = C! [Rw[’“l] = q}
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Matrix splitting: numerical results (1)

Iterates Iterates (top: 1 and bottom z2)

Variable xo

Variable x1 Iteration
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Matrix splitting: numerical results (2)

Variable xo

Iterates

Variable x1

Iterates (top: 1 and bottom z2)

Iteration
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Matrix splitting: numerical results (3)

Iterates Iterates (top: 1 and bottom z2)

4 2|

3] 0]
2l 2] -2
8
o 1 -4
e 0 0 5 10 15 20
0]
2z
> 0

3 B

-4

-4
s 0 5 0 5 10 15 20
Variable x1 Iteration
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Matrix splitting: numerical results (all of them)

o - N w & o

o - N w &

o 4 N w a

Coef. p=0.7

Coef. p =0.95

0

Coef. p=04

31/60



Two families of quadratic optimizers

1 — Component wise

2 — Gradient direction
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Quadratic criterion: illustration

Q ?(z—2)%+~y
Q Oz% (1‘1 — i‘1)2 —|—Oé% (IQ — i2)2 — Qqu (e} (xl —.fl)(xz — jz) + v

Variable zo

) /
-5 0 5

Variable x Variable x

o Comment: convex, concave, saddle point, proper direction
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Minimisation, a first approach: component-wise

@ Criterion 1
J(x) = ithm +qtz + qo

@ lterative component-wise update

» Fork=1,2,... S
>Forp=1,2,...P 7
Update z,, ] @
by minimization of J(x) w.r.t. z, J
given the other variables b

> End p
» End k

@ Properties

o Fixed point algorithm
o Convergence is proved
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Component-wise minimisation (1)

@ Criterion
J(x) = %"BthB +q'T + qo
@ Two ingredients
o Select pixel p: vector 1, = [0,...,0,1,0,...]"
Tp = IL;, x
o Nullify pixel p: matrix I — llle;,

z;p=U- ]1,,]1;,):1:

@ Rewrite current image. ..
x = (I-1,1)x+xz,1,

x;+aply,

@ ...and rewrite criterion

jp(xp) =J [m/p t+p ]lp]
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Component-wise minimisation (2)

@ Consider the criterion as a function of pixel p
Tp(wp) = T [y +2p1,)]

1
= Q(m/p +xp 11P)tQ(‘B/p +xp nP) + qt(w/p + Zp ]lp) + qo

= f]thll 2+ (Qz/p+q) Ly, zy+ ...

@ ...and minimize: update pixel p
opt __

_ (Q T/p+ q)'1,
p 1LQ1,

o Computation load
o Practicability of computing 1}, Q 1,, (think about side-effects)
o Possible efficient update of ¢, = (Qx,, + q)°1,, itself
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Component-wise: numerical results (1)

Iterates Iterates (top: 1 and bottom z2)

2]
0
2|

Variable x2

5 0 5 0 5 10 15 20

Variable x1 Iteration

Criterion

10 15 20

o
o

Iteration
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Component-wise: numerical results (2)

Variable x2

Iterates Iterates (top: 1 and bottom z2)

7
4 %, 2
3 0
2 ) 2
1 -4
ol 0 10 20 30 40 50

//
1
2 / 0
3 27 -2

7
4 % ”
7,
-5 0 5 0 10 20 30 40
Variable x1 Iteration

Criterion

0 10 20 30 40 50

Iteration
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Component-wise: numerical results (3)

Variable xo

Iterates

Variable z1

Iterates (top: z1 and bottom z2)

Iteration

Criterion

Iteration
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Component-wise: numerical results (all of them)

o - N w & o

N

o - N w &

o 4 v w »

-1

-2

-4

Coef. p=0.7

0

Coef. p =0.95

-5

0

Coef. p=04
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Extensions: multipixel and separability

41/60



Two families of quadratic optimizers

1 — Component wise

2 — Gradient direction
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Quadratic criterion: generalities

o Oz% (1)1 — jl)Q =+ 0&% (1‘2 — fg)g —2paj as (.Tl — fl)(xg — fg) + v

Optimality over R (no constraint)

@ Null gradient
N4 _
0= 9zl = g(z)
@ Positive Hessian o2
J
Q= 22 >0
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Iterative algorithms, fixed point,. ..

& = argmin J (x)
x

Iterative update

o Initialisation z[°
@ lteration £k =0,1,2,...

gk +1 — gk 1K) glk]

o Direction § € RN
o Step length 7 € R+

o Stopping rule, e.g. [lg(x!®)| < ¢
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Iterative algorithms, fixed point, descent,. ..

@ Direction &

o “Optimal”: opposite of the gradient
o Newton, inverse Hessien
]
)

Preconditioned
Corrected directions:

e bisector, Vignes, Polak-Ribiere,. . .
@ conjugate direction,. ..

@ Step length 7
e “Optimal”
o Over-relaxed / under-relaxed
e Armijo, Goldstein, Wolfe
o
o

and also fixed step

@ ...optimal, yes,...and no...
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Gradient with optimal step length

Strategy: optimal direction @ optimal step length

o Iteration xlk+1 = gkl 4 k]l

o Direction § € RN
S — —g(:c[k])

o Step length 7 € R4+

Ts(r) = T (@™ + ra™)

@ A second order polynom

Js(T)=.oo 24 T+

o Optimal step length

[k] g™t g(x)

gt Qg(=M)

46 / 60



[llustration

@ Two readings:

e optimisation along the given direction, “line-search”
o constrained optimisation

@ Remark: orthogonality of successive directions (see end of exercice)
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Sketch of convergence proof (0)

A reminder for notations

1
J(x) = Ethw + gz + qo
= Qz+gq

~—

g(z

Z = argmin J(x) = -Q 'q

v
Some preliminary results

1
J(@) =-54 Q 'q+aq

(@) - 7@ = 59(2)' Q" g(a)

T(@o+h) = T(@o) + g(ao) b + % R Qh

\,
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Sketch of convergence proof (1)
o Notation convenience: zl = z, b+l = g/, 7[M = 7 g(zlF) = ¢

@ Criterion increase / decrease
J@)-T@) = J@+76)-J(x)
= '[9+ 5 18] Q [r9]

since d = —g and 7 =

@ Comment: it decreases, it reduces. . .
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Sketch of convergence proof (2)

Distance to minimiser

t 12
J&)-J@) = J)-J@)- % [gg glg
= = 1[g" 9]2 J(x) — T ()
= J=)-J(=) - 2409 X 0" g/
= x)— J(x _ [QtQ]Z

< -t (2=

..So0 It converges

@ M and m: maximal and minimal eigenvalue of Q. ..and comment

e Kantorovich inequality (see next slide)
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Kantorovich inequality

(Result |
[u'Qu| [u'Q 'u] < i (@Jr \/Zf [

o (@ symmetric and positive-definite
o M and m: maximal and minimal eigenvalue of Q

€

Short sketch of proof

Quite long and complex

o Case ||ul| =1

o Diagonalise Q: Q = P'AP et Q! =P'A'P

@ Convex combination of the eigenvalues and their inverse
o Convexity of t — 1/t

.
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Optimal gradient: numerical results (1)

Variable xo

Iterates (top: z1 and bottom z2)

Iterates
2]
0]
-2
-4
0 10 20 30 40 50
0|
-2
-4
0 10 20 30 40 50
Variable z1 Iteration
Criterion
100
st
or L L L L
0 10 20 30 40 50
Iteration
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Optimal gradient: numerical results (2)

Iterates Iterates (top: 1 and bottom z2)
2|
0|
o -2
8
o -4
e} 0 10 20 30 20 50
[}
=
C
> 0
-2
-4
0 10 20 30 40 50
Variable x1 Iteration
Criterion
ol i
4t ]
ol i
oL . ; ; ;
0 10 20 30 40 50
Iteration
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Optimal gradient: numerical results (3)

Iterates Iterates (top: z1 and bottom z2)
2|
0|
o —
Q 2|
o -4
e} 0 2 4 6 8 10
[0}
=
L]
> 0
2
-4
] 0 5 0 2 4 6 8 10
Variable z1 Iteration
Criterion
301 ‘ ‘
201
101
oL . ; ; ;
0 2 4 6 8 10
Iteration
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Optimal gradient: numerical results (all of them)

o - N w & o

o - N w &

o 4 N w »

(¢

Coef. p=0.7

Coef. p =0.95

0

Coef. p=04
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Preconditioned gradient: short digest. . .

Strategy: modified direction @ optimal step length
o lteration zlk+1] = gkl 4 7Kl §lK]

o Direction 6 € RY
Sl — _ Pg(m[k])

o Step length 7 € R+

Js(r) = T (@ + 76

@ A second order polynom

Ts(T)=... 724+ T+...

o Optimal step length

w _ _ g@t)t Pg(alf)
T T 9@’ PQPg(a)
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Preconditioned gradient: two special cases. ..

@ Non-preconditioned: P =1 ~- standard gradient algorithm

o Direction § € RY
S — fg(m[k])
o Step length 7 € R+
L g@) g
g(z)* Q g(x™)

@ Perfect-preconditioner: P = Q! ~+ one step optimal

o Direction § € RY
" = —Q 'g(a")
o Step length 7 € R+
[k] g(z™)" P g(z*)

= =1

g(zl*)t PQ P g(x)

o First iterate

2V = 29 _1.Q g
= 2-1.Q7(Qz" +9)=-Q7'q !
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Preconditionned gradient: numerical results:

@ Better and better approximation of the inverse Hessian

R
bbb Lo on o s

|

R
bbb Lo 4w s
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@ Image restoration, deconvolution and other inverse problems

@ Three types of regularised inversion. . .

o Quadratic penalties
o Convex non-quadratic penalties
o Constraints: positivity and support

... based on unconstrained quadratic optimsation

@ A basic component: Quadratic criterion and Gaussian model

e Circulant approximation and computations based on FFT

o Numerical linear system solvers
o Matrix splitting

o Numerical quadratic optimizers
o Component-wise

o Gradient methods
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Various solutions. . .

Observation Quadratic penalty

Observation Quadratic penalty Constrained
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